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Nonradial oscillations of quark stars

Hajime Sotani* and Tomohiro Harada†

Department of Physics, Waseda University, Okubo 3-4-1, Shinjuku, Tokyo 169-8555, Japan
~Received 14 March 2003; published 11 July 2003!

Recently, it has been reported that a candidate for a quark star may have been observed. In this article, we
consider quark stars with radiation radii in the reported range. We calculate nonradial oscillations off, w, and
wII modes. We find that the dependence of thef mode quasinormal frequency on the bag constant and stellar
radiation radius is very strong and different from that of the lowestwII mode quasinormal frequency. Further-
more we deduce a new empirical formula between thef mode frequency of gravitational waves and the
parameter of the equation of state for quark stars. The observation of gravitational waves both of thef mode
and of the lowestwII mode would provide a powerful probe for the equation of state of quark matter and the
properties of quark stars.
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I. INTRODUCTION

Since the 1980s, there have been many studies abou
objects known as quark stars. If the true ground state
matter is not the nuclear state but a quark state as W
conjectured@1#, there may exist objects composed of qua
matter. For simplicity, the bag model equation of state~EOS!
has often been used for studying quark matter. Lattimer
Prakash calculated stellar properties with this EOS@2#. In
reality, it is quite difficult to determine the EOS of qua
matter by experiments on the ground, because quark m
will appear at extremely high density. In this respect,
observation of astrophysical compact objects may be
unique means to determine the equation of state for c
high-density matter@3,4#.

Recently, the radiation radius of the compact s
RXJ185635-3754 was estimated to be very small (3.8&R`

&8.2 km) based on X-ray observations by Chandra@5#. The
radiation radius is related asR`[R/A122M /R to the areal
radius R and massM of the star. This compact star is to
small to construct with the normal EOS’s which are curren
adopted for neutron stars@2#. This star might be a candidat
for a quark star. Inspired by this observation, Nakamura p
posed several scenarios for the formation of quark stars@6#.

However, it should be noted that there exist many sub
quent articles that question the whole observation. For
ample, Ponset al. pointed out, by employing the data of no
only X-ray observation but also UV or optical observatio
that if RXJ185635-3754 is represented by the simp
uniform-temperature heavy-element atmospheric model,
compact star hasR`'8 km, M'0.9M ( , andR'6 km @7#.
Although this radiation radius is included in the range su
gested by@5#, these properties cannot be constructed, eve
the quark matter EOS is used.

If a compact object oscillates for some reason, grav
tional waves are emitted from the object. The trigger of
oscillation may be a nonspherical supernova explosion, c
lescence with another compact object, violent mass in
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due to possible instability of the surrounding accretion di
and so on. The oscillations damp out because the grav
tional waves carry away oscillational energy. So these os
lations are called quasinormal modes~QNMs!. If the gravi-
tational waves from a compact object are detected, we
get information about the source object.

Gravitational wave observation projects, such as the La
Interferometric Gravitational Wave Observatory~LIGO! @8#,
VIRGO @9#, GEO600@10#, and TAMA300@11#, are making
remarkable progress in sensitivity. Among them, TAMA30
GEO600, and LIGO are now in operation. If highly sensiti
gravitational wave detectors are available, we may obta
large amount of data for the frequencies and damping tim
of gravitational waves emitted from compact objects. T
systematic study of gravitational wave modes leads to the
called ‘‘gravitational wave asteroseismology’’, which ha
been initiated and presented by various authors~see @12–
16#!. If we have a good empirical formula for gravitation
wave oscillational frequencies and damping times as fu
tions of stellar properties, it will be very useful in obtainin
information for source stars from gravitational wave obs
vations. In this context, Andersson and Kokkotas calcula
QNMs with various EOSs and proposed an empirical f
mula between the QNMs and properties of neutron s
@12,13#. Kokkotas, Apostolatos, and Andersson improv
this empirical formula by one which included the releva
statistical errors@14#. These works treated the polar modes
oscillation and the results are well summarized in@15,16#.
Benhar, Berti, and Ferrari calculated axial modes a
showed that the axial mode gives more direct and exp
information on the stiffness of EOS compared to the po
mode @17#. All this work is for normal neutron stars, i.e
assuming normal equations of state for nuclear matter.

On the other hand, Yip, Chu, and Leung studied nonrad
stellar oscillations of quark stars whose radii are around
km @18#. However, the reported radius of the st
RXJ185635-3754 is much smaller than the radii of the ste
models examined by Yip, Chu, and Leung. In this paper,
calculate nonradial oscillations of quark stars whose rad
tion radii are in the range of 3.8&R`&8.2 km and examine
the relation between the QNMs of quark stars and the E
of quark matter. Our main concern in this article is wheth
©2003 The American Physical Society19-1
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H. SOTANI AND T. HARADA PHYSICAL REVIEW D 68, 024019 ~2003!
one could distinguish the EOS of quark matter by dir
detection of the gravitational wave.

QNMs are classified into two classes. One is a class
fluid modes, which mainly couple with the stellar fluid, whi
the other is one of spacetime modes that are connected
spacetime oscillation, which couple mainly to metric pert
bations. Nonrotating stars admit fluid modes only for po
perturbations. The most widely studied fluid modes aref, p,
andg modes@13,19#. The f mode is the fundamental mode
There is only onef mode for eachl. The p mode is the
pressure mode, which arises from fluid pressure. Theg mode
is the gravity mode, which is caused by buoyancy due
density discontinuity and/or the temperature gradient of s
and other factors. The damping rates of these fluid modes
very small compared with the frequency. The spaceti
modes includew andwII modes@20,21#. The damping rate of
w modes is comparable to the frequency. For each ste
model, there are found one or a fewwII modes, whose com
plex frequency is located near the imaginary axis. Here
deal with only polar perturbation because our main conc
is the relationship between the gravitational waves and
EOS. For simplicity, we pay attention here only tof, w, and
wII modes. Recently, Kojima and Sakata calculated thf
mode quasinormal frequency for quark star models,
pointed out the possibility of distinguishing between qua
stars and neutron stars by detecting both thef mode fre-
quency and the damping rate@22#.

The plan of this paper is as follows. We present ba
equations to construct quark stars and show the propertie
the quark star structure in Sec. II. In Sec. III, we present
equations and method to determine the QNMs for spheric
symmetric stars, show numerical results for the quasinor
frequencies of quark star models constructed in Sec. II,
discuss their implications. Moreover, we apply the empiri
formula proposed by Kokkotaset al. to quark star models
and deduce a new empirical formula from our numerical
sults between thef mode frequency of the gravitational wav
and the parameter of the EOS in Sec. IV. We conclude
Sec. V. We adopt units ofc5G51, wherec and G denote
the speed of light and the gravitational constant, respectiv
and the metric signature of (2,1,1,1).

II. STRUCTURE OF QUARK STARS

We consider a static and spherical star. For this case
metric is described by

ds252e2Fdt21e2Ldr21r 2~du21sin2udf2!, ~2.1!

where F,L are metric functions ofr. The mass function
m(r ) is defined as

m~r !5
1

2
r ~12e22L!. ~2.2!

This mass function satisfies

dm

dr
54pr 2r, ~2.3!
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wherer is the energy density. The equilibrium stellar mod
is derived by solving the Tolman-Oppenheimer-Volko
equation,

dP

dr
52

~r1P!~m14pr 3P!

r ~r 22m!
, ~2.4!

whereP is the pressure of the fluid, and the potentialF is
given by

dF

dr
5

~m14pr 3P!

r ~r 22m!
. ~2.5!

For solving these equations, we need an additional equa
i.e., the equation of state.

Although a quark star may be either a light quark s
made up ofu andd quarks or a strange quark star compos
of a mixture ofu, d, ands quarks, we construct simple mod
els by using the bag model EOS, which neglects the ma
of u andd quarks. This bag model EOS is characterized
three parameters: the strong interaction coupling cons
ac , the bag constantB, and the massms of thes quark. The
dependence of stellar properties on the bag constant is m
stronger than that onac andms @23#. In this paper we use the
bag model EOS derived for a massless strange quark,

P5
1

3
~r24B!. ~2.6!

The bag constantB is a positive energy density, which co
responds to latent heat. The stellar radiusR is defined as the
position where the pressure is zero. At the surface, the d
sity profile is discontinuous. Although the value of the b
constant, which is a phenomenological parameter, should
determined by the underlying strong interaction dynamics
is difficult to determine this value from our present unde
standing of QCD. However, if strange quark matter is t
true ground state, the energy of this true ground state
particle would not be over the nucleon mass 939 MeV
baryon density for zero pressure matter. This constraint
plies a maximum value of the bag constantB as follows@24#:

B<Bmax594.92S 12
2ac

p DMeV fm23. ~2.7!

For definiteness, we use three values of the bag cons
B528.9, 56.0, and 94.92 MeV fm23. Although Bst

1/4

5145 MeV orBst557.8 MeV fm23 has often been used fo
the study of the quark-gluon plasma, we adoptB
556.0 MeV fm23 to compare with the results in@18#. The
other values of the bag constant are the maximum value
ac50 and half the standard valueBst . We show the massM
of quark stars as a function of the central densityrc for these
three values of the bag constant in Fig. 1~a!, the relations
betweenM and R and betweenM and R` in Fig. 1~b!, and
the relation between ‘‘average density’’r̄[3M /4pR3 and
R` in Fig. 1~c!. These figures are plotted for 4B,rc<5.0
31015 g/cm23. The radiation radius may be determine
9-2
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FIG. 1. Relations between~a! massM and central densityrc , ~b! M and radiusR ~solid line! andM and radiation radiusR` ~broken line!,

and~c! ‘‘average density’’r̄[3M /4pR3 and radiation radiusR` of quark stars for four values of the bag constant,B528.9, 56.0, 94.92, and
471.3 MeV fm23.
.

f t

k

-

u-
from X-ray observations such as@5#. We pay attention to
stars whose radiation radii are in the range of 3.8–8.2 km
this range of radiation radius, we pick up three values,R`

53.8, 6.0, and 8.2 km.
On the other hand, Nakamura argued that the mass o

compact star reported in@5# should be roughly 0.7M ( in
order to account for its observed X-ray luminosity@6#. If we
use a value smaller thanBmax, however, the mass of a quar
star whose radiation radius is in the range of 3.8–8.2 km
far below 0.7M ( , as seen in Fig. 1~b!. Therefore he pointed
02401
In

he

is

out the possibility of adopting the valueB5471.3
MeV fm23, which is rather greater thanBmax. We consider a
quark star mass ofM50.7M ( for this value of the bag con
stant to compare with other models. For the caseB
5471.3 MeV fm23 also, we plot the relation betweenM and
rc in Fig. 1~a!, the relations betweenM andR and between
M andR` in Fig. 1~b!, and the relation betweenr̄ andR` in
Fig. 1~c!. In this case, each plot is for 4B,rc<5.031016

g/cm23. The properties of our quark star models are tab
lated in Table I.
9-3
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TABLE I. Properties of quark stars constructed by the bag model EOS.

Model B(MeV/fm3) R` ~km! rc (g/cm3) M /M ( R ~km! M /R

A1 28.90 3.800 2.09031014 2.32931022 3.765 9.13531023

A2 28.90 6.000 2.13531014 8.87731022 5.864 2.23531022

A3 28.90 8.200 2.20531014 2.16531021 7.859 4.06731022

B1 56.00 3.800 4.10431014 4.42231022 3.733 1.74931022

B2 56.00 6.000 4.28531014 1.63731021 5.742 4.21031022

B3 56.00 8.200 4.58531014 3.83931021 7.560 7.49831022

C1 94.92 3.800 7.09531014 7.28331022 3.688 2.91631022

C2 94.92 6.000 7.66231014 2.59231021 5.573 6.86731022

C3 94.92 8.200 8.73031014 5.77631021 7.156 1.19231021

N1 471.3 5.661 1.48631016 7.00031021 3.856 2.68131021
ion
tr

-
d

III. NONRADIAL OSCILLATIONS OF QUARK STARS

A. Method

The QNMs are determined by solving the perturbat
equations with appropriate boundary conditions. The me
perturbation is given by
02401
ic

gmn5gmn
(B)1hmn , ~3.1!

wheregmn
(B) is the background metric of a spherically sym

metric star~2.1!. We have applied the formalism develope
by Lindblom and Detweiler@25# for relativistic nonradial
stellar oscillations. In this formalism,hmn for polar perturba-
tions is described as
t of
hmn5S r l Ĥe2F ivr l 11Ĥ1 0 0

ivr l 11Ĥ1 r l Ĥe2L 0 0

0 0 r l 12K̂ 0

0 0 0 r l 12K̂ sin2u

D Ym
l eivt, ~3.2!

whereĤ,Ĥ1 , andK̂ are perturbed metric functions with respect tor, and the components of the Lagrangian displacemen
fluid perturbations are expanded as

j r5
r l

r
eLŴYm

l eivt, ~3.3!

ju52
r l

r 2
eLV̂

]

]u
Ym

l eivt, ~3.4!

jf52
r l

r 2sin2u
eLV̂

]

]f
Ym

l eivt, ~3.5!

whereŴ and V̂ are functions ofr.
Then the perturbation equations derived from the Einstein equations are given by

dĤ1

dr
52

1

r F l 111
2m

r
e2L14pr 2~P2r!e2LGĤ11

1

r
e2L@Ĥ1K̂116p~P1r!V̂#, ~3.6!

dK̂

dr
5

l ~ l 11!

2r
Ĥ11

1

r
Ĥ2S l 11

r
2

dF

dr D K̂1
8p

r
~P1r!eLŴ, ~3.7!

dŴ

dr
52

l 11

r
Ŵ1reLF 1

gP
e2FX̂2

l ~ l 11!

r 2
V̂2

1

2
Ĥ2K̂G , ~3.8!
9-4
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dX̂

dr
52

l

r
X̂1~P1r!eFS 1

2 S dF

dr
2

1

r D Ĥ2
1

2 S v2re22F1
l ~ l 11!

2r D Ĥ11S 1

2r
2

3

2

dF

dr D K̂2
l ~ l 11!

r 2

dF

dr
V̂

2
1

r Fv2e22F1L14p~P1r!eL2r 2H d

dr S 1

r 2
e2L

dF

dr D J GŴD , ~3.9!

F12
3m

r
2

l ~ l 11!

2
24pr 2PGĤ28pr 2e2FX̂1r 2e22LFv2e22F2

l ~ l 11!

2r

dF

dr GĤ1

2F11v2r 2e22F2
l ~ l 11!

2
2~r 23m24pr 3P!

dF

dr G K̂50, ~3.10!

V̂5
e2F

v2~P1r!
Fe2FX̂1

1

r

dP

dr
e2LŴ1

1

2
~P1r!ĤG . ~3.11!
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In deriving the above equations for perturbations, we assu
a perfect fluid. Rigorously speaking, this is not valid beca
of the existence of matter viscosity. However, little is know
about the viscosity of cold quark matter. Here we omit t
viscosity as a possible approximation. In Eq.~3.8!, g is the
adiabatic index of the unperturbed stellar model, which
calculated as

g5
r1P

P

dP

dr
5

1

3

r1P

P
, ~3.12!

where the bag model EOS~2.6! is used in the second equa
ity. The set of Eqs.~3.6!–~3.9! is a set of differential equa
tions connecting the variablesĤ1 , K̂, Ŵ, and X̂, and Eqs.
~3.10! and~3.11! are the algebraic equations for the variab
Ĥ and V̂. The perturbation equations outside the star
described by the Zerilli equations. By imposing bounda
conditions such that perturbative variables are regular at
center of the star, the Lagrangian perturbation of press
vanishes at the stellar surface, and the gravitational wav
only an outgoing one at infinity, one can reduce this to
eigenvalue problem. The boundary condition at the ste
surface isX̂50, becauseX̂[2r 2 leFDP, whereDP is the
Lagrangian perturbation of the pressure. Furthermore, we
the terme2FX̂/gP in Eq. ~3.8! to zero at the stellar surface
becausegP54B/3 at r 5R. For the treatment of the bound
ary condition at infinity, we adopt the method of continue
fraction expansion proposed by Leaver@26#. The details of
the determination of quasinormal frequencies are given
@19#.

B. Numerical results

1. f mode

We plot the complex frequencies of thef mode forl 52 in
Fig. 2. In this figure, the squares, triangles, and circles den
the casesB528.9 MeV fm23, B556.0 MeV fm23, and B
594.92 MeV fm23, respectively. In each set, the uppe
middle, and lower marks correspond to the stellar model
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R`58.2 km, R`56.0 km, andR`53.8 km, respectively.
The labels in this figure correspond to those of the ste
models in Table I.

As can be seen in Fig. 2~a!, thef mode frequency depend
strongly on the bag constant but very weakly on the ste
radiation radius. This result agrees with that of Kojima a
Sakata@22#. Therefore, if the radiation radius of a quark st
is determined by observation, even though the value of
radiation radius is somewhat uncertain, we can directly
tain the value of the bag constant by detectingf mode QNMs
~see Sec. IV!. Furthermore, we can restrict the mass of t
source star by employing the observational value of the
diation radius.

The reason why thef mode frequency depends strong
on the bag constant is understood as follows. Thef mode
frequency depends strongly on average density but v
weakly on the EOS@13#. In the case of quark stars with sma
radii, the average density is almost determined by the
constant alone, as can be seen in Fig. 1~c!. Thus, thef mode
frequency depends strongly on the bag constant.

Moreover, we can see that the damping rate of thef mode
depends on the stellar radiation radius for each bag cons
which also agrees with the result by Kojima and Sakata@22#.
So, if we get data on the damping rate of thef mode by
observation, we can determine the stellar radiation rad
independently of X-ray observations. However, one m
keep in mind that the measurement of frequency is far m
accurate than that of damping rate, because the estim
relative error in frequency is about three orders of magnitu
smaller than that in damping rate@14#.

The f mode frequency of a quark star withM50.7M (

andB5471.3 MeV fm23 (N1) is plotted in Fig. 2~b!. In this
figure, results for the caseB<Bmax are also plotted for com-
parison. Compared with thef mode frequencies forB
<Bmax, the plot for B5471.3 MeV fm23 is relatively far
away in phase space. This is mainly due to the large dif
ence in the average density of quark stars.

2. w and wII modes

The calculated complex frequencies ofw and wII modes
for l 52 are plotted in Fig. 3. In these figures, the filled a
9-5
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FIG. 2. Complex frequencies off mode for quark stars. The squares, triangles, and circles correspond to stars wB
528.9 MeV fm23, 56.0 MeV fm23, and 94.92 MeV fm23, respectively. In each set, the upper, middle, and lower marks are for the ca
R`58.2 km, 6.0 km, and 3.8 km, respectively. The labels in this figure correspond to the stellar models in Table I. For~b!, the plot for
B5471.3 MeV fm23 is also included as the diamond.
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nonfilled marks correspond tow andwII modes, respectively
Figures 3~a!, 3~b!, and 3~c! correspond toB528.9, 56.0, and
94.92 MeV fm23, respectively. In each figure, the uppe
middle, and lower sequences correspond to the stellar mo
of R`53.8 km (A1, B1, C1), R`56.0 km (A2, B2, C2),
and R`58.2 km (A3, B3, C3), respectively. In Fig. 3~d!,
we plot the complex frequencies ofw andwII modes of a star
of 0.7M ( with B5471.3 MeV fm23 (N1).

In order to obtain the tendency ofw andwII modes with
changing compactness, we calculate thew andwII modes of
the stellar models whose compactness is much larger
that of the stellar models depicted in Figs. 3~a!, 3~b!, and
3~c!. From this calculation, we find twowII modes for the
stellar model of higher compactness, for example, forrc
51.431015 g/cm23 with B556.0 MeV fm23. In this case,
the complex frequencies ofw andwII modes appear simila
to those in Fig. 3~d!. Furthermore, we see that as the co
pactness of the quark star gets smaller, the complex freq
cies of thewII modes shift toward the imaginary axis, whi
both the frequency and damping rate ofw modes become
slightly larger. If the compactness is very small, the frequ
cies of thewII modes can be too small to find except for t
lowestwII mode, which has the largest frequency of all t
wII modes. That is why Figs. 3~a!, 3~b!, and 3~c! are quite
different from the results obtained by Yip, Chu, and Leu
@18# in the location of thewII modes.

We pick up the lowestwII mode and plot it in Fig. 4 for
each stellar model. The frequency of the lowestwII mode
depends strongly on the bag constant. In this figure, the
bels correspond to those of the stellar model in Table I. Th
we can get information about the bag constant or the ste
radiation radius by observing the lowestwII mode frequency.
02401
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Moreover, we could obtain a more stringent restriction
using the damping rate, although it seems more difficult
determine the damping rate by observation as Andersson
Kokkotas mentioned@12#.

On the other hand, in Fig. 3, we see that both the f
quency and damping rate of thew modes have little depen
dence on the bag constant. Therefore it is difficult to de
mine the value of the bag constant by employing observa
of the w modes. In fact, thew mode frequencies are all fa
beyond the frequency band for which gravitational wave
terferometers such as LIGO, VIRGO, GEO600, a
TAMA300 have good sensitivity@27#.

As seen in Fig. 3~d!, because the compactness of mod
N1 is much larger than that of the stellar models construc
with B<Bmax, the appearance of the complex frequencies
the w andwII modes is quite different from that for the cas
of B<Bmax. In Fig. 4, we also plot thewII mode complex
frequency closest to the imaginary axis among thewII modes
previously found for modelN1. From this result, we see tha
if the bag constant is too large, or is as large as the
adopted by Nakamura, it may be difficult to distinguish b
tween the lowestwII mode for the case ofB<Bmax and the
one that is closest to the imaginary axis for the case oB
5471.3 MeV fm23. In respect of this problem, even if w
cannot distinguish between the lowestwII mode for the case
of B<Bmax and the one that is closest to the imaginary a
for the case ofB5471.3 MeV fm23, it may be possible to
discriminate between these two kinds ofwII modes by em-
ploying the observedf mode frequency, because the plot
the f mode forB5471.3 MeV fm23 is relatively far away in
phase space, compared with thef mode frequencies forB
<Bmax.
9-6
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FIG. 3. Complex frequencies of bothw andwII modes forB5(a) 28.9,~b! 56.0,~c! 94.92, and~d! for 471.3 MeV fm23. For ~a!–~c!, the
upper, middle, and lower sequences correspond to quark stars ofR`53.8 km, 6.0 km, and 8.2 km, respectively. For~d!, the mass of the
stellar model is 0.7M ( . Filled and nonfilled marks denotew andwII modes, respectively. These stellar models are listed in Table I.
em
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IV. EMPIRICAL FORMULA

Kokkotas, Apostolatos, and Andersson constructed
pirical formulas for thef modes of neutron stars@14#:

Re~v!

1 kHz
>2pF ~0.7860.01!1~1.6360.01!

3S M

1.4M (
D 1/2S 10 km

R D 3/2G , ~4.1!
02401
-

Im~v!

1 Hz
>2pS M

1.4M (
D 3S 10 km

R D 4F ~22.8561.51!

2~14.6561.32!S M

1.4M (
D S 10 km

R D G . ~4.2!

We apply these empirical formulas to quark star models
show the results in Table II. As these results show, altho
these formulas were deduced by employing various EO
including the realistic one for neutron stars, it is found tha
9-7
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simple extrapolation to quark stars is not very successful.
want to construct an alternative formula for quark star m
els by using our numerical results forf mode QNMs, but we
cannot do this using the same method as Kokkotaset al.,
because a special relation between thef mode QNMs and the
stellar properties cannot be found.

In the previous section, we saw that thef mode frequency
depends strongly not on the stellar radiation radius but on
bag constant. So, in order to get the relationship between
f mode frequency Re(v) and the bag constantB, we calcu-
late f mode QNMs emitted by six more stellar models
addition to the above nine stellar models (A1 –A3, B1 –B3,
C1 –C3). The radiation radii of these six added models

FIG. 4. Complex frequencies of the lowestwII mode for each
stellar model except for the plot forB5471.3 MeV fm23, for
which the secondwII mode is plotted. The labels in this figur
correspond to those of the stellar models in Table I.

TABLE II. Comparison between thef mode QNMs of quark
stars and the values given by the empirical formulas~4.1! and~4.2!.
In this table, Re(v)emp and Im(v)emp express the range of fre
quency and damping rate, respectively, given by using the empi
formulas.

Model
Re~v!
~kHz!

Im~v!
~Hz!

Re(v)emp

~kHz!
Im(v)emp

~Hz!

A1 6.822 2.9831023 10.52–10.72 (2.9723.42)31022

A2 6.872 2.6731022 10.55–10.74 (2.6623.10)31021

A3 6.945 1.1231021 10.58–10.78 1.11–1.32
B1 9.540 2.0531022 12.77–12.99 (2.04–2.37)31021

B2 9.676 1.6931021 12.84–13.06 1.67–2.00
B3 9.873 6.4031021 12.95–13.17 6.17–7.74
C1 12.50 9.1831022 15.20–15.46 0.913–1.07
C2 12.80 6.8331021 15.36–15.62 6.63–8.24
C3 13.26 2.28 15.64–15.90 20.4–28.1
N1 38.10 20.6 34.90–35.39 22.5–251.3
02401
e
-

e
he

e

fixed atR`53.8, 6.0, and 8.2 km, and the adopted bag c
stants areB542.0 and 75.0 MeV fm23. The results of the
calculation are plotted in Fig. 5, and listed in Table III.
Fig. 5, the squares, triangles, and circles correspond to st
models whose radiation radii are fixed at 3.8, 6.0, and
km, respectively. From our numerical results, we find t
following new empirical formula between thef mode fre-
quency Re(v) and the bag constantB:

al

FIG. 5. The horizontal axis is the bag constantB (MeV/fm23)
and the vertical axis is thef mode frequency Re(v). The squares,
circles, and triangles correspond to stellar models whose radia
radii are fixed at 3.8, 6.0, and 8.2 km, respectively. The dotted
denotes the new empirical relationship~4.3! obtained in Sec. IV
between Re(v) of the f mode andB.

TABLE III. Deviation from the new empirical formula~4.3! for
each stellar model in Fig. 5. In this table,Bemp is the value of the
bag constant that is calculated by using the empirical formula~4.3!
obtained in Sec. IV.

R`

~km!
B

(MeV/fm3)
Re~v!
~kHz!

Bemp

(MeV/fm3)
Deviation

~%!

3.8 28.90 6.822 28.67 20.813
3.8 42.00 8.242 41.02 22.344
3.8 56.00 9.540 54.10 23.385
3.8 75.00 11.076 71.79 24.285
3.8 94.92 12.503 90.30 24.868
6.0 28.90 6.872 29.07 0.581
6.0 42.00 8.331 41.85 20.355
6.0 56.00 9.676 55.57 20.768
6.0 75.00 11.286 74.39 20.819
6.0 94.92 12.803 94.44 20.503
8.2 28.90 6.945 29.65 2.608
8.2 42.00 8.458 43.07 2.554
8.2 56.00 9.873 57.74 3.101
8.2 75.00 11.597 78.31 4.415
8.2 94.92 13.257 100.89 6.294
9-8
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NONRADIAL OSCILLATIONS OF QUARK STARS PHYSICAL REVIEW D68, 024019 ~2003!
Re~v!

1 kHz
'1.1733S B

1 MeV fm23D 0.5252

. ~4.3!

This empirical formula is also shown with a dotted line
Fig. 5. In Table III, we list the bag constant that is obtain
by substituting the givenf mode frequencies into the empir
cal formula~4.3!, and its deviation from the true value. He
we calculate the deviation as

B2Bemp

B
, ~4.4!

whereB andBemp are the bag constant we adopted for c
culation of QNMs and the one given by substituting thef
mode frequency into the above empirical formula, resp
tively. We see that this empirical formula is very useful, b
cause it is possible to determine the bag constant prec
by employing observation of thef mode frequency, even i
the star has some range of radiation radii.

V. CONCLUSION

We calculated the nonradial oscillations of quark st
whose radiation radii are in the range of 3.8&R`&8.2 km,
paying particular attention to thef, w, and wII modes of
quark stars constructed with the bag model EOS.

We adopted four values for the bag constant and c
structed ten stellar models. We found that because the
quency of thef mode strongly depends on the bag consta
we can restrict the bag constant by observations of thf
mode frequency. Moreover, since the damping rate of thf
mode depends on the stellar radius for each bag constan
can restrict the stellar radius by detailed observations of tf
mode damping rate.

On the other hand, both the frequency and damping
of the lowestwII mode also strongly depend on the bag co
stant and the stellar radius. Therefore we may be able to
information about the properties of quark stars or the E
us
.

u

-
rn

.
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governing quark matter from observations of the lowestwII
mode frequency. If the damping rate of this mode were
tained, we could derive more stringent constraints on
properties and EOS parameter.

Furthermore, we deduce a useful empirical formula b
tween the frequency of thef mode and the bag constant. B
using this relation, if thef mode frequency is detected, w
can determine the bag constant even if the radiation radiu
the source star is not determined precisely. Then we can
termine the stellar radiation radius by employing observat
of the f mode damping rate.

The dependence of thef mode frequency on the bag con
stant and radiation radius is different from that of the low
wII mode frequency. Therefore, the lowestwII mode QNM
can help us to decide the bag constant and/or the stella
diation radius.

We also calculated thef, w, and wII mode complex fre-
quencies for a quark star of massM50.7M ( with B
5471.3 MeV fm23. Because of the large difference in com
pactness~or average density! of the quark stars, the set o
frequencies and damping rates of these QNMs differs c
siderably from that for quark stars with conventional valu
for B. This implies that gravitational wave observations ha
a strong potential to test Nakamura’s formation scenario
quark stars. In the near future, we can get information ab
the EOS of quark matter by detecting gravitational wav
from objects composed of quark matter. Based on the in
mation obtained, we can test the current understanding
quark matter and may obtain a more realistic picture of c
quark matter and nonperturbative QCD.
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